A k-track drawing is a crossing-free 3D straight-line drawing of a graph G on a set of k parallel lines called tracks. The minimum value of k for which G admits a k-track drawing is called the track number of G. In [18] it is proved that every graph from a proper minor closed family has constant track number if and only if it has constant queue number. In this paper we study the track number of well-known families of graphs with small queue number. For these families we show upper bounds and lower bounds on the track number that significantly improve previous results in the literature. Linear time algorithms that compute track drawings of these graphs are also presented and their volume complexity is discussed.
Introduction and Overview
The problem of computing a drawing of a graph with small area/volume has received a lot of attention in the graph drawing literature during the last decade. However, while research devoted to computing small-sized drawings in the plane has flourished during the last two decades and has produced a rich body of combinatorial results, structures, algorithmic techniques, and software systems, the research on 3D drawings can still be considered in its early stages [5, 16] .
Cohen, Eades, Lin and Ruskey [3] showed that every graph admits crossing-free 3D drawing on an integer grid of O ¡ n 3 ¢ volume, and proved that this is asymptotically optimal. The volume of a drawing is measured as the number of grid-points contained in the smallest axis-aligned box bounding the drawing. Calamoneri and Sterbini [1] showed that all 2-, 3-, and 4-colourable graphs can be drawn in a 3D grid of O [17] showed a bound of θ ¡ n 2 ¢ on the volume. Garg, Tamassia, and Vocca [12] showed that all 4-colorable graphs (and hence all planar graphs) can be drawn in O aspect ratio but by using a grid model where the coordinates of the vertices may not be integer. Chrobak, Goodrich, and Tamassia [2] gave an algorithm for constructing 3D convex drawings of triconnected planar graphs with O ¡ n ¢ volume and non-integer coordinates. Recent papers [6, 7, 8, 9, 10, 18] have considered the following problem: given a grid φ such that φ is a proper subset of the integer 3D space, which graphs admit a straight line crossing-free drawing with vertices located at the grid points of φ? If φ is chosen so that it has volume V , then a volume bound of V can be determined for any class of graph drawable on φ. A grid φ of this type is also called restricted integer grid.
Felsner et al. [10] initiated the study of restricted integer grids consisting of parallel grid lines, called tracks. In particular, they focus on the box and the 3-prism. A box is a grid consisting of four parallel lines, one grid unit apart from each other and a 3-prism uses three non-coplanar parallel lines. It is shown that all outerplanar graphs can be drawn on a 3-prism where the length of the lines is O § 151¨n 75© . From the observation above it is natural to ask whether it is possible to reduce the bounds on track number and volume for graphs with constant queue number.
In this paper we present new lower and upper bounds on the track number (and hence on the volume) of some families of graphs that are known to have constant queue number. Our main contributions can be listed as follows.
The family of graphs with queue number one (i.e. arched leveled planar graphs) are proved to have track number at least four and at most five. A drawing algorithm is presented for arched leveled planar graphs that gives a volume bound of 3 §
§
n.
The track number of X-trees (that have queue number 2) is proved to be three and a volume bound of 2 § 2 § 4 n 1 7
is shown.
A lower bound of three and an upper bound of four is presented for Halin Graphs. A volume bound of 2 § 2 § n is also shown.
The drawing algorithm described in order to prove the above results all have O ¡ n ¢ time complexity and use integer arithmetic. Table 1 shows the upper and lower bounds on track number of the families of graphs studied in this paper and compare them with the existing ones. Table 2 shows the upper bounds on volume for the families of graphs studied in this paper and compare them with the existing ones.
Family
Queue Number Track Number Previous Track Number
proved in Section 3. Results on X-trees are presented in Section 4. The track number of Halin Graphs is studied in Section 5. For reasons of space some detail are omitted and can be found in the Appendix.
Preliminaries
In this section we give some preliminary definitions that will be used throughout the paper and recall some known results about track layout.
Preliminary Definitions
Let G ¡ V¡ E ¢ be a graph. A track assignment [8, 9] of G consists of a partition
of V , and of a total ordering i of the vertices in each set t i . Each set t i is called a track. An overlap in a track assignment consists of three vertices u, v, and w such that they are in the same track t i , there exists the edge 
A track layout [8, 9] is a track assignment with no overlaps and no X-crossings. Figure 1(c) shows an example of a track layout of the graph of Figure 1 (a). A track layout with k tracks is also called a k-track layout. The track number of a graph G, denoted by tn
In the rest of the paper a track layout will be specified by assigning to each vertex v two numbers: track
is an integer that denotes the track to with v is assigned; order In [7] a general technique is described for computing a track drawing of a graph G from a track layout of G. In this paper we will describe ad-hoc techniques that results in a smaller upper bounds on the volume. In this case we need to prove that there is no crossing between edges. Let e 0 
The substitution of the y-and z-coordinates of each vertex in the equation above gives a condition on the x-coordinates of the vertices that must be satisfied in order to have a crossings between e 0 and e 1 . Thus it is sufficient to prove that the equation has no solution in order to prove that e 0 and e 1 do not cross each other. We call this equation co-planarity equation of e 0 and e 1 .
A queue layout [14, 15] of a graph G consists of a linear ordering λ of the vertices of G, and a partition of the edges of G into queues, such that no two edges in the same queue are nested with respect to λ. In other words there are no edges e 0 
Previous Results
In this section we recall some previous results about track number and the relations between the track number and the queue number of a graph.
In [4] the graphs having track number 2 are characterized, and it is proved that they are a subclass of the outerplanar graphs. The following lemma is an immediate corollary of the result in [4] .
Lemma 1 [4] The class of graphs that admit a 2-track layout is a subclass of the outerplanar graphs.
In [10] it is proved that every outerplanar graph admits a track drawing on 3 tracks, and hence has track number 3. Also, it is proved that there exist trees (and hence outerplanar graphs) that do not admit a track layout on 2 tracks. The following hold. In [7] the relation between a track layout and a track drawing is studied. The following theorem holds. 
Arched Leveled Planar Graphs
In this section we will study the track number of graphs with queue number equal to 1. These graphs are characterized in [15] , where it is shown that they are planar graphs and admit a leveled planar embedding. For this reason they are called arched leveled planar graphs. We first give a lower bound on the track number and then we present an upper bound that improves the result in [18] . We show that the track number of an arched leveled planar graph is at most 5. Also, we prove that there exists an arched leveled planar graph whose track number is at least 4. We start with a basic lemma that is used to prove the lower bound.
Lemma 5 Let G 0 be the graph in Figure 2(a). Then in any 3-track layout, vertices u and v are on different tracks, and at least one of the vertices w i (i 0¡
¢ ¢ ¢ ¡ 3 ) is on the third track. u w 3 v w 2 w 1 w 0 (a) u w 5¡ 3 v 0 v 5 v 4 v 3 v 2 v 1 w 0¡ 0 (b) Figure 2: (a) Graph G 0 of Lemma 5. (b) Graph G with qn ¡ G ¢ 1 and tn ¡ G ¢ 4.
Lemma 6 Let G be the graph in Figure 2(b). Then qn
¡ G ¢ 1 and tn ¡ G ¢ ¦ 4.
Sketch of Proof.
The proof that G has queue number 1 follows from Figure 2 (b) where a 1-queue layout of G is given. We prove that it cannot be laid out on 3 tracks. Suppose for a contradiction that there exists a 3-track layout of G with tracks t 0 , t 1 and t 2 , and let t 0 be the track containing u. By Lemma 5 vertices v i (0 i 5) must be on a track different from t 0 . Let t 1 be the track containing v 5 . Two cases are possible:
In this case two of the three edges
, and In other words j is the largest index such that there is an edge from t i¥ 1 to v j .
An example of a block decomposition is illustrated in Figure 3 .
Figure 3: A block decomposition of an arched leveled planar graph.
Algorithm ALPTRACKLAYOUT() computes a 5-track layout of an arched leveled planar graph G.
Let 0,1,2,3 and 4 be five tracks;
Lemma 7 Let G be a connected graph with qn
¡ G ¢ 1. Let λ v 0 ¡ v 1 ¡ ¢ ¢ ¢ ¡ v n¥ 1 be
the linear ordering of a 1-queue layout of G. The track assignment computed by Algorithm ALPTRACKLAYOUT() is such that for all edges
¡ v g ¡ v h ¢ with g h track ¡ v h ¢ ¡ track ¡ v g ¢ ¤ £ 1 ¢ mod 5 or track ¡ v h ¢ ¡ track ¡ v g ¢ ¤ £ 2 ¢ mod 5 ¢
Lemma 8 Let G be a graph with qn
Sketch of Proof. We first assume that G is connected. Suppose we have a 1-queue layout of G with λ v 0
We prove that Algorithm ALPTRACKLAYOUT() computes a track layout of G. We have no overlaps since there are no edges
Also we have no X-crossing. Consider two edges 
Sketch of Proof.
The bounds on the track number follow from Lemma 6 and 8. We describe now how to compute a track drawing with volume 3 § 3 § n. Consider a restricted integer grid φ consisting of the five track lines
and number these track lines 0,1,2,3, and 4, respectively. Compute a track layout with five tracks using Algorithm ALPTRACKLAYOUT(). Let n 0 , n 1 , n 2 , n 3 and n 4 be the number of vertices in track 0, 1, 2, 3 and 4, respectively. Draw the vertices assigned to track i on track line i according to the total order defined in the track, so that they occupy x-coordinates from ∑ i¥ 1 j 0 n j to ∑ i j 0 n j (i 0¡ 1¡ 2¡ 3¡ 4). We prove that the drawing has no crossing. Overlaps and X-crossings are not possible, because there is no overlap and no X-crossing in the track layout.
A crossing is possible only between edges that are on two different strips crossing each other along a straight-line which is not one of the five track line 0,1,2,3, and 4. There are five pairs of such strips: (1) σ 02 and σ 13 ; (2) σ 01 and σ 24 ;(3) σ 01 and σ 34 ; (4) σ 02 and σ 34 ;(5) σ 13 and σ 24 . Let σ i j and σ hk be the two crossing strips of one of the five cases above and let e 1 and e 2 be two edges on σ i j and σ hk , respectively. Denote as x i , x j , x h and x k the x-coordinates of the vertices on track lines i, j, h and k. The co-planarity equations for each of the five cases are:
x 4 , none of the above equations has a solution, and therefore no crossing is possible. The drawing algorithm consider a vertex per time and executes a constant number of operations for each vertex. The time complexity is then O ¡ n ¢ . £ Theorem 9 shows that every arched leveled planar graph admits a track layout on 5 tracks. However, there are specific classes of graphs that have queue number 1 and that admit a track layout on less than 5 tracks. Trees and unicyclic graphs are known to have queue number 1 [15] . A unicyclic graph is a graph such that each connected component contains at most one cycle. The family of unicyclic graphs includes trees. Since both trees and unicyclic graphs are outerplanar, by [10] they admit a track layout on 3 tracks with volume 2 § 2 § n. In [10] , it is also shown that there exist trees (and hence unicyclic graphs) that cannot be laid out on two tracks.
Another class of graphs having queue number 1 are the square meshes [15] . An a § b square mesh is a graph with vertex set V
A lower bound on the track number of the square meshes is 3. Since there exist square meshes that are not outerplanar and by Lemma 1 they cannot be laid out on two tracks.
On the other side square meshes can be easily laid out on three tracks as follows. Let G be an a § b square mesh (a and compute a track layout with three tracks as described above. Let n 0 , n 1 and n 2 be the number of vertices on track 0, 1 and 2, respectively. Draw the vertices assigned to track i on track line i according to the total order defined on the track, so that they occupy x-coordinates from 0 to n i 
. The X-trees have queue number 2 [15] . A lower bound on the track number of X-trees is trivially 3, since there exist X-trees that are not outerplanar and therefore, by Lemma 1 cannot be laid out on 2 tracks. Three is, in fact, also an upper bound for the track number of X-trees. A 3-track layout of an X-tree G can be easily computed by laying out the complete binary tree underlying G according to the algorithm in [10] . The algorithm consists of a BFS visit of the tree. For each visited vertex v we set track 
Theorem 11 Every X-tree has track number at most 3 and admits a track drawing with volume at most
2 § 2 § 4 7 ¡ n £ 1 ¢ that can be computed in O ¡ n ¢
time. Also, there exists an X-tree G such that tn
¡ G ¢ ¦ 2.
Sketch of Proof.
We describe how to compute a track drawing with volume 2 § 2 § 2. It follows that the track line with the maximum number of vertices is the one where the leafs lie. Therefore the maximum among n 0 , n 1 and n 2 is:
We have:
Therefore the volume is bounded by 2 § 2 § 
Halin Graphs
In this section we study the track number of a well-investigated family of graphs called Halin Graphs [13] . A Halin graph is a graph such that: every vertex of G has degree greater or equal to 3; G can be decomposed into a spanning tree T of G and a cycle C through the leaves of T ; G has a planar embedding in which C is the boundary of the external face.
T is called the characteristic tree of G and C is called the adjoint cycle of G. Figure 4 shows a Halin graph.
It is known from the existing literature [11] that 3 queues are always sufficient for a queue layout of a Halin graph and that 2 queues are sometimes necessary. A lower bound on the track number of Halin graphs is 3, since Halin graphs are not outerplanar (every outerplanar graph has at least on vertex of degree two) and therefore, by Lemma 1 cannot be laid out on 2 tracks. We now describe an algorithm to compute a 4-track layout of a Halin graph. An external path of an embedded rooted ordered tree T is the path π π l ¡ π r , where π l is the path from the leftmost leaf of T to the root of T and π r is the path from the rightmost leaf of T to the root of T . Let v be a vertex in an external path π. If v has children that are not in π then every subtree rooted at a child of v not in π is called a dangling subtree of π.
Let G be a Halin graph. Assume that G is embedded in the plane such that it is planar and its adjoint cycle C is the exterior face. Let T be the characteristic tree of G. T inherits its embedding from G. Arbitrarily choose one of the non-leaf vertices of T as the root. A level decomposition of T is an assignment of a level to each vertex v of T that is defined as follows (see 
the rightmost leaf of T j is adjacent to the leftmost leaf of T j
Since the embedding of G is not changed when T is rooted, and since the boundary of the external face of G is C, then there exist an edge of C that connects the leftmost leaf of T to the rightmost leaf of T . The edge connecting the leftmost leaf of T and the rightmost leaf of T is called the long edge. Let π be an external path without dangling subtrees; if π consists of three vertices u, v and w in this order and u and w are leafs of T , then u and w are connected by an edge of C and this edge is called an overlapping edge.
We now describe an algorithm to compute a 3-track layout of a Halin graph without its long edge and overlapping edges. Later we will describe how the long edge and the overlapping edges can be added back to the track layout using a fourth track. A Halin graph after the deletion of the long edge and the overlapping edges is called a reduced Halin graph.
RHTRACKLAYOUT(G)
Input: An embedded reduced Halin graph G Output: A track layout of G on the 3 tracks 0,1,2 Let T be the characteristic tree of G; Root T at any vertex r; Figure 4 is shown in Figure 6 . , and number this track lines 0,1,2, and 3, respectively. Compute a track layout on four tracks as described above . Let n 0 ¡ n 1 ¡ n 2 and n 3 be the number of vertices on track 0, 1, 2 and 3, respectively. Draw the vertices assigned to track i on track line i according to the total order defined on the track, so that they occupy x-coordinates from ∑ i¥ 1 j 0 n j to ∑ i j 0 n j (i 0¡ 1¡ 2¡ 3¡ 4). We prove that the drawing has no crossing. Overlap and X-crossings are not possible, because there is no overlap and no X-crossing in the track layout.
A crossing is then possible only between edges on two different strips that cross each other along a straight line that is not one of the four track lines 0,1,2 and 3. There are only two such strips σ 02 and σ 13 . The co-planarity equation of an edge on σ 02 and an edge on σ 13 is: 
Open Problems
The general question of computing 3D straight line grid drawing of minimum volume still remains largely unexplored. Some questions that might help to better understand this problem naturally raise from the work in this paper.
To reduce the gap between the lower bound of four and the upper bound of five for the track number of Arched Leveled Planar graphs and of Halin Graphs.
To find upper and lower bounds on the track number of other families of graphs.
To find new algorithms that compute drawings with linear volume and better aspect ratio. Namely, the volume of the drawings computed by the algorithms presented in this paper is O ¡ n ¢ . This is obtained at expense of an aspect ratio that is also O ¡ n ¢ . It would be interesting to find new drawing technique that could obtain a linear volume and a good aspect ratio at the same time.
